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S1 Computational Details
In this supplement we provide details on the Markov chain Monte Carlo (MCMC) methods used for our experiments and on the optimisation methods used for experimental
design in the main text.

S1.1 Infinite Dimensional MCMC
The goal here is to obtain samples from Πy,h
θ . Intractability of the normalisation constant
Zh motivates the use of MCMC techniques; these construct a measure-preserving Markov
transition kernel over Θ that can be used to obtain approximately independent samples
from Πy,h
θ . Crucially, MCMC requires knowledge of the Radon–Nikodým derivative only
up to a multiplicative constant, avoiding the need to calculate Zh .
For infinite-dimensional parameter inference problems we propose to use the preconditioned Crank–Nicolson (pCN) algorithm [5, 6]. This proceeds as follows: Assume that
Θ is a Hilbert space and a Gaussian prior Πθ = N (0, C) is assigned over Θ. Given
potential function Φh , Algorithm 1 details the pCN method for constructing a Markov
chain θi , i = 1, . . . , I, that targets the posterior Πy,h
θ :
Algorithm 1 (pCN Method).

• Pick θ0 ∈ Θ

• For i = 1 . . . I:
1. Draw ξ i ∼ N (0, C)
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2. Propose θ∗ ←

√

1 − λ2 θi + λξ i

3. Compute

exp(−Φh (y, θ∗ ))
α ← min 1,
exp(−Φh (y, θi ))




4. Set θi+1 ← θ∗ with probability α; otherwise set θi+1 ← θi
• End.
The parameter λ governs the scale of the proposal increments and should be tuned to
achieve fastest mixing of the Markov chain.

S1.2 Pseudo-Marginal MCMC
Turning to the inverse problem, we now present an MCMC scheme for sampling the
joint distribution of the solution vector u, the latent states z and the parameter θ. Our
primary interest is in θ, so a natural approach is to focus sampling effort on θ via PseudoMarginal MCMC [4]. For simplicity we restrict to finite dimensional Θ ⊆ RM . This
is to avoid technical issues associated with infinite-dimensional parameters in PseudoMarginal MCMC.
When the forward model is non-linear, the data-likelihood is an intractable integral
Z
Z
π(y|g, b, θ) = π(z|θ) π(y|u)π(u|z, g, b, θ)du dz
(1)
|
{z
}
(∗)

where we note that the interior integral (∗) is available in closed-form as before in
Section 3.2.2. An improper uniform measure π(z|θ) = 1 was taken; note that the
impropriety of π(z|θ) implies that Eq. 1 is only defined up to a multiplicative constant.
To construct an estimate to Eq. 1, an importance density r(z|y, θ) was constructed,
defined in Sec. S1.2.1, and we rewrite Eq. 1 as
Z
Z
1
π(y|g, b, θ) =
π(y|u)π(u|z, g, b, θ)du r(z|y, θ)dz.
r(z|y, θ)
Then an explicit, almost-surely positive, unbiased estimator π̂(y|g, b, θ) for the likelihood
π(y|g, b, θ) can be constructed as follows:
1. z ∗ ∼ r(z|y, θ)
2. π̂(y|g, b, θ) ←

1
r(z ∗ |y,θ)

R

π(y|u)π(u|z ∗ , g, b, θ)du

The Pseudo-Marginal approach constructs a Markov chain θi , i = 1, . . . , I, as follows:
Specify a position-dependent proposal density q(θ∗ |y, θ), for example a random walk.
Then:
Algorithm 2 (Pseudo-Marginal MCMC).
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Pick θ0 ∈ Θ and simulate π̂ 0 , an unbiased estimate for π(y|g, b, θ0 ).
For i = 1, . . . , I:
1. Propose θ∗ ∼ q(θ∗ |y, θi )
2. Simulate π̂ ∗ , an unbiased estimate for π(y|g, b, θi )
3. Compute
π(θ∗ ) π̂ ∗ q(θi |y, θ∗ )
α ← min 1,
·
·
π(θi ) π̂ i q(θ∗ |y, θi )




4. Set θi+1 ← θ∗ , π̂ i+1 ← π̂ ∗ with probability α; else set θi+1 ← θi , π̂ i+1 ← π̂ i
End.
S1.2.1 Multiple Solutions
The performance of Algorithm 2 depends on how close r(z|y, θ) can be made to the
latent variable posterior π(z|y, g, b, θ). Adaptive proposals were employed that automatically take into account the varying nature of the parameter θ. This construction
is complicated by the fact that non-linear PDEs are not guaranteed a unique solution,
leading to multiple values of z which are each consistent with some solution of the PDE.
Here details are provided for the choice of importance density.
A known, fixed number of solutions are assumed to exist for the non-linear forward
problem and it is further assumed that these each vary smoothly with θ. The strategy
is to augment the MCMC procedure with an additional parameter, i, describing the
solution index. A joint proposal over (θ, i) then operates in a Metropolis-within-Gibbs
sampler. The proposal distribution for i was taken to be uniform for simplicity. To be
specific, consider a semi-linear PDE of the form A = A1 + A2 as in Sec. 5.2.2. For
fixed (θ, i), an approximation ûi to the solution ui of the PDE is obtained. We take
r(z|y, θ, i) = N (A−1
2 ûi , C) for an appropriate covariance C. We emphasise that these
choices affect only the mixing properties of the MCMC, not the posterior distributions
that are the central focus of this work. In addition, the approximation ûi is not required
to a high degree of accuracy as it is used only to construct the importance distribution
r(z|y, θ, i). In fact, for computational efficiency a crude solution is preferable as this
lowers the overall cost of the algorithm. To obtain these approximation, the recent
“deflation” approach of [7] was applied.
The total computational cost of this method is equivalent to a single application of the
deflation technique, followed by the cost of sampling from the importance distribution to
obtain an unbiased estimate of the likelihood. This latter cost is minimal, as the matrices
required to compute u|θ, z are predominantly independent of z; as a result, using many
samples from z to approximate the data-likelihood is computationally inexpensive.
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S1.3 Experimental Design
In this paper A-optimal experimental designs were pursued, to limit scope. In this case
the solution to Eq. 14 is generally unavailable and numerical minimisation is required. A
hybrid strategy, that combines the Approximate Coordinate Exchange (ACE) algorithm
of [12] with Bayesian Optimisation [11] performed well at this task. Here for convenience
we suppress the subscript on the set of design points X0 .
A complication here is that due to the dependence of both A and B on θ, it is natural
that X0 should also depend on θ. This idea is not pursued in this work; instead a design
is constructed for a single candidate θ̂, chosen heuristically based upon the problem. For
the Allen–Cahn application this was θ̂ = θ† .
In addition to the loss function L(Σ(θ̂, X)), viewed here as a function of X, a deletion
function d(X, M ) is also required. Suppose that X = {x1 , . . . , xm } and let X−j =
{x1 , . . . , xj−1 , xj+1 , . . . , xm }; that is, Xj is the set X without the point xj . Then the
deletion function d(X, M ) returns the ordered list of M points for which L(Σ)θ̂, X−j ))
is minimal. That is, the deletion function returns the indices of those coordinates which,
when deleted, have the least impact on the loss of the set X.
The full implementation of the experimental design procedure is given in Algorithm 3.
Algorithm 3 (Experimental Design).
Fix an initial design X 0 .
For i = 1, . . . , I:
1. Set X i = X i−1
2. Compute Ci = d(X i , M ).
3. For j ∈ Ci :
a) Find
i
x∗j = arg min L(Σ(θ̂, X−j
∪ {x}))
x

with a numerical optimisation method.
i ∪ {x∗ }, preserving the ordering of the set.
b) Set X i = X−j
j

Return X I
Here M is a parameter controlling how many points are considered at each iteration.
Because moving a point generally changes all values of the deletion function, setting
M = 1 is most desirable. However, computing the deletion function is expensive, and
so setting M > 1 can reduce the amount of computational effort required to achieve
convergence.
Related work on experimental design in inverse problems is more classical, in the sense
that numerical error is assumed to be negligible and instead one aims to select the locations X of sensors, that will be used to obtain the data y, in order to minimise expected
posterior uncertainty over the parameter θ. In this context, recent work includes a series
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Figure 1: Application to Allen–Cahn: Three distinct solutions of the PDE, here shown
at the parameter value θ† = 0.04.
of papers by [2, 1, 3]. In addition, recent work by [8] applies these techniques to Gaussian
process regression using the integrated variance criterion to determine optimal sensor
locations; this is equivalent to the A-optimal approach which we pursued. The method
used to attain the optimal design is to minimise a Monte-Carlo estimate of the objective
function using gradient-based optimisers, rather than ACE.
From the meshless methods literature, [10] and [9] both consider the use of greedy
algorithms to select locations X in order to minimise a criterion relating to numerical
error in the forward problem. These papers differ to ours in several respects. First,
the context is asymmetric collocation, rather than symmetric collocation. Second, the
formulation is not probabilistic and does not have the associated interpretation as a
problem in experimental design. Third, inverse problems are not considered.
To conclude this section, note that the direct approach of minimising uncertainty over
the parameter θ appears to be challenging in this framework. The present proposal,
to minimise uncertainty over the solution vector u at each value of the parameter θ,
provides a practical approach that acts as a proxy for uncertainty in the parameter.
S1.3.1 Experimental Design and MCMC
Note that the ACE approach elegantly could be adapted to interlace with MCMC: For
one iteration of the MCMC the difference between θi+1 and θi will usually be small.
It is therefore reasonable to expect that an optimal design X0∗ (θi ) for θi will be a good
approximation to the optimal design X0∗ (θi+1 ) for θi+1 . The ACE algorithm, at iteration
i of the MCMC, could take a numerical approximation of X0∗ (θi ) as a starting point
and perform a local search in design space in order to locate an approximate X0∗ (θi+1 ).
This approach avoids the need to repeatedly solve challenging multi-variate optimisation
problems de novo at each iteration of the MCMC.
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Figure 2: Application to Allen–Cahn: MCMC trace and autocorrelation plots for the
unknown parameter θ and the kernel length scale `, based on a probabilistic
meshless method with mA = 20 design points.
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